ABSTRACT. Using the language of stacks, we recast and generalize a selection of results in equivariant geometry.
INTRODUCTION
When an algebraic group G acts on a variety X, there is a precise dictionary between the G-equivariant geometry of X and the geometry of the quotient stack [X/G]. This is typical of the strong interplay between equivariant geometry and algebraic stacks. Indeed, results (as well as their proofs) in the theory of algebraic stacks are often inspired by analogous results in equivariant geometry. As the simplest stacks are quotient stacks, they are fertile testing grounds for more general results. Conversely, algebraic stacks can prove quite useful for proving results in equivariant geometry. The purpose of the present paper is to provide some examples of this power, reproving and generalizing several theorems in equivariant geometry via the language of algebraic stacks.
We begin in Section 2 by summarizing the relationship between the equivariant geometry of a scheme and the geometry of its corresponding quotient stack. In Section 3, we review the classical notion of a good quotient and the more modern notion of a good moduli space, and explore the relationship between them. As a result, we recover and generalize [BBŚ97, Thm. B]: Theorem 1.1. Let G → S be an affine, linearly reductive group scheme acting on an algebraic space X, and suppose X admits a G-invariant affine morphism f : X → Z to an algebraic space. Then there exists a good quotient π : X → Y with Y an algebraic space. In Section 4, we quickly recover Matsushima's theorem (see [Mat60] , [BB63] , [Hab78] and [Ric77] ) using tools developed in Section 3: Theorem 1.2. Suppose G → S is an affine, linearly reductive group scheme and H ⊆ G is a flat, finitely presented, separated subgroup scheme. Then the following are equivalent: This is a prototypical example of the power of algebraic stacks in the the study of equivariant problems. (This theorem was also proved in [Alp08, Thm. 12 .15] using the same techniques, but we include the proof again here to emphasize the convenience of the language of stacks.)
Section 5 focuses on properties of observable subgroup schemes. Recall that, when working over a field, a subgroup scheme H ⊂ G is observable if every finite dimensional H-representation is a sub-H-representation of a finite dimensional G-representation (see Definition 5.3 for the general case.) We find the following characterization of such subschemes: Theorem 1.3. Let G → S be a flat, finitely presented, quasi-affine group scheme and H ⊆ G a flat, finitely presented, quasi-affine subgroup scheme. The following are equivalent:
If S is noetherian, then the above are also equivalent to:
The proof of the above theorem follows directly from the observation that a representable morphism f : X → Y of algebraic stacks is quasi-affine if and only if the adjunction morphism f * f * F → F is surjective for every quasi-coherent O X -module F (see Proposition 5.1).
Lastly, in Section 6 we analyze the existence of good moduli spaces, ultimately recovering a modified version of [BBŚ97, Thm. C]: Theorem 1.4. Let G be a connected algebraic group acting on a scheme X, and suppose that for every pair of points x, y ∈ X, there exists a G-invariant open subscheme U xy ⊆ X that contains x and y and admits a good quotient. Then X admits a good quotient.
Note that here we assume the group G is connected, but not necessarily reductive. In fact, it appears the proof of [BBŚ97, Thm. C] is incomplete, as the constructibility of certain subsets is never verified (see Remark 6.14). It is in the verification of that constructibility that we need to impose the connected hypothesis, as well as why we need to work with group actions rather than more general algebraic stacks. We expect, however, a stronger version of the above theorem (as well as of Lemma 6.13) to hold. Remark 1.5. It is also possible to show that an analogue of [BBŚ97, Thm. A] holds using similar-but significantly more involved-methods.
Notation.
We fix an arbitrary (quasi-separated) base algebraic space S. All schemes, algebraic spaces and algebraic stacks are assumed to have quasi-compact and separated diagonals. We use calligraphic letters X , Y, Z, ... to denote algebraic stacks and roman letters X, Y, Z, ... to denote schemes and algebraic spaces.
Given an algebraic stack X , we denote by |X | the topological space whose points correspond to equivalence classes of O S -field-valued points of X (see [LMB00, Chap. 5]). Any point x ∈ |X | has a residue field k(x), which is the coarse moduli space of the residue gerbe G x in X ; furthermore, there exists a representative Spec k → X of x with k(x)/k finite (see [LMB00, Chap. 11], [Ryd10, Thm B.2]). A point x ∈ |X | induces a morphism s : Spec k(x) → S. We will denote by X s the fiber product X × S Spec k(x).
G-EQUIVARIANT GEOMETRY OF X VS. GEOMETRY OF [X/G]
For simplicity, assume momentarily S = Spec k, with k an algebraically closed field. If G → Spec k is a finite type, affine group scheme acting on a finite type k-scheme X, then we have the following dictionary between the G-equivariant geometry of X and the geometry of [X/G]:
Example 2.1. Suppose X = Spec k is a point, and write BG = [Spec k/G]. Then quasicoherent (resp., coherent) O BG -modules correspond to G-representations (resp., of finite dimension).
Remark 2.2. (i) Technically, geometric quotients and coarse moduli spaces do not precisely agree under this dictionary. However, they do agree in the case of proper group actions. (ii) The dictionary between good quotients and good moduli spaces is made precise in Section 3.
Returning now to the general case, suppose G → S is a flat, separated and quasicompact group scheme over an arbitrary base S. As usual, denote BG = [S/G]. Then a quasi-coherent (resp., coherent) O BG -module corresponds to a O S [G]-module (resp., of finite type).
A morphism H → G of flat, separated and quasi-compact group schemes induces a morphism f : BH → BG of algebraic stacks. If, in addition, H ֒→ G is a subgroup scheme, then the diagram below is cartesian:
Using descent theory, we can therefore relate properties of the morphism f : BH → BG to properties of the quotient G/H → S.
-module with the same underlying O Smodule as G, but with H-action induced from the morphism
There is a natural morphism Ind G H F → F , corresponding to the adjunction morphism f * f * F → F .
GOOD QUOTIENTS VS. GOOD MODULI SPACES
Good quotients. Although the notion of a good quotient was first explicitly written down by Seshadri in [Ses63, Definition 1.5], the idea was already implicit in Mumford's theory of quotients by reductive groups (see [Mum65] ).
Definition 3.1. Suppose G → S is an affine group scheme acting on an algebraic space X. We say a morphism π : X → Y to an algebraic space is a good quotient if the following hold:
(i) π is surjective, affine and G-invariant;
Remark 3.2. (i) When G → S is linearly reductive, for π : X → Y to be a good quotient, it is sufficient to require only that π is affine and G-invariant, and
G be an isomorphism (see Corollary 3.14).
(ii) As in other papers (see [BBŚ97] , [BB02] 
representations to vector spaces is exact; (iv) every G-representation is completely reducible; (v) every finite dimensional G-representation is completely reducible; and (vi) for every finite dimensional G-representation V and nonzero
Cohomologically affine morphisms. For an algebraic stack X , let QCoh(X ) denote the category of quasi-coherent O X -modules. We note the following interesting and well-known consequence of these properties, which stresses the necessity of quasi-affineness of the diagonal in (iv) above:
is a finite type, quasi-affine group scheme over an Artin ring
Proof. We may assume A = k is a field, since a scheme is affine if and only if its reduction is affine. Observe that if G → Spec k is any finite group scheme, then π : Spec k → BG is cohomologically affine. Indeed, the push-forward by π of a k-vector space V corresponds to the
is the left regular representation of G, and this functor is clearly exact. If G → Spec k is quasi-affine, then BG → Spec k has quasi-affine diagonal. Thus the base change G ∼ = Spec k × BG Spec k → Spec k is cohomologically affine, and hence affine.
Good moduli spaces.
Definition 3.9. ([Alp08, Definition 4.1]) Let X be an algebraic stack. We say a quasicompact morphism φ : X → Y , where Y is an algebraic space, is a good moduli space if:
(i) φ is cohomologically affine; and
We summarize the basic properties of good moduli spaces: 
where the intersections and images are scheme-theoretic; (iii) for each algebraically closed O S -field k, there is an equivalence relation defined on the set of isomorphism classes of k-valued points [X (k)], given by
locally noetherian, then φ is universal for maps to algebraic spaces (that is, for any
morphism to an algebraic space ψ : X → Z, there exists a unique map ξ : 
Remark 3.11. The property of being a good moduli space also descends under faithfully flat morphisms. See [Alp08, Chapter 4] for further properties and a systematic development of the theory. We emphasize that other than (iv) and (vi), the proofs of the above properties are quite elementary.
Relationship between good quotients and good moduli spaces. We begin with: (i) π is affine; and
G is an isomorphism.
Proof. Since there is a canonical isomorphism
above is equivalent to condition (ii) of Definition 3.9. The previous lemma shows that condition (i) is equivalent to condition (i) of Definition 3.9.
In particular, we can reinterpret the definition of a good quotient in the case of an action by an affine, linearly reductive group scheme. 
Proof. This follows from Propositions 3.10 and 3.13.
Of course, one can show the above corollary directly without recourse to the theory of stacks and good moduli spaces. However, we note that Proposition 3.10(iv) implies the uniqueness of good quotients in the category of algebraic spaces. We know of no direct proof of this result, so the language of stacks and good moduli spaces seems quite advantageous in this case. 
Since Y → Z is affine, so is Y → Y × Z Y and hence X → X × Z Y . Since X → Z is cohomologically affine and Z has quasi-affine diagonal (as it is an algebraic space), X × Z Y → Y is cohomologically affine. Therefore, φ is cohomologically affine.
We can now prove Theorem 1.1: Theorem 1.1. Let G → S be an affine, linearly reductive group scheme acting on an algebraic space X, and suppose X admits a G-invariant affine morphism f : X → Z to an algebraic space. Then there exists a good quotient π : X → Y with Y an algebraic space.
G , then the induced morphism π : X → Y is a good quotient by Proposition 3.16, Proposition 3.13 and Corollary 3.14.
AFFINE COSETS
We are now in the position to recover Matsushima's theorem: Theorem 1.2. Suppose G → S is an affine, linearly reductive group scheme and H ⊆ G is a flat, finitely presented, separated subgroup scheme. Then the following are equivalent:
Proof. First note that, since G → S is linearly reductive, it follows that BG → S is cohomologically affine. Suppose H → S is linearly reductive, and so BH → S is cohomologically affine. Since G is affine, G/H → BH is also affine, and hence the composition G/H → BH → S is cohomologically affine. By Serre's criterion, G/H → S is therefore affine. Conversely, suppose G/H → S is affine. Consider the 2-cartesian square
By descent, the morphism BH → BG is affine. Therefore the composition BH → BG → S is cohomologically affine, and so H → S is linearly reductive. This proves the equivalence of (i) and (ii).
Condition (iii) is a direct translation of the condition of affineness for the morphism BH → BG, and is thus equivalent by descent and Serre's criterion to (ii). 
Proof. First, it is clear (ii) implies (iii). To see (iii) implies (ii), suppose G is a quasi-coherent
O Y -module and f * G → F is a surjection. The counit of the adjunction then gives a factorization f * G → f * f * F → F , and hence f * f * F → F is also surjective.
We next show (i) is equivalent to (ii). Note that the property of being quasi-affine is stable under composition and base change and descends under faithfully flat morphisms on the target. Also, it is easy to see property (ii) for a quasi-compact (and quasiseparated) representable morphism of algebraic stacks is also stable under composition and descends under faithfully flat morphisms on the target. Furthermore, if the target has quasi-affine diagonal, then property (ii) is stable under arbitrary base change. Therefore, we can immediately reduce to the case where f : X → Y is a quasi-compact (and quasi-separated) morphism of algebraic spaces with Y an affine scheme.
As open immersions and affine morphisms satisfy property (ii), quasi-affine morphisms also do. Thus, (i) implies (ii). For the converse, we may suppose that f : X → Y = Spec Γ(X, O X ). If f is strongly representable, then X is a scheme, so [EGA, II.5.1.2 and IV.5.1.2] implies that X is quasi-affine. Now suppose that f is finite type. We first claim that for every quasi-coherent O X -module F , the adjunction morphism f * f * F → F is an isomorphism. Indeed, there exists a surjection γ :
i O Y → f * F which induces a surjection α : i O X → f * f * F → F (since F is globally generated), with the property that f * α = γ. By repeating, there is a presentation
which remains right exact after applying f * . Therefore, we have a commutative diagram
with exact rows. Since the left two vertical arrows are isomorphisms, so is f * f * F → F .
We next show that f is separated. By [Ryd09, Theorem B], there exists a finite surjective morphism U → X from a scheme U. Since the adjunction morphism f * f * F → F is an isomorphism for quasi-coherent O X -modules, the diagram
is cartesian. Since U is a scheme and
is an open immersion. In particular, U is separated and it follows that X is separated.
We show now that f is a monomorphism. Let h 1 , h 2 : T → X be morphisms from an affine scheme T such that g = h 1 • f = h 2 • f :
Proof. The equivalences follow from the definitions and Proposition 5.1. We only add that since S → BG is faithfully flat and finitely presented and G/H ∼ = BH × BG S, descent implies BH → BG is quasi-affine if and only if G/H → S is quasi-affine.
EXISTENCE OF GOOD MODULI SPACES
Given an algebraic stack X , we would like local conditions that guarantee the existence of a good moduli space. Recall first the following definition: 
It is useful to have an intrinsic definition of saturated that does not refer to a good moduli space, and to use this definition to find conditions that guarantee the existence of open covers by saturated substacks. Combined with the previous proposition, this would enable us to give local conditions guaranteeing local good moduli spaces always glue. We first make the following definition: Definition 6.3. Suppose X is an algebraic stack over a scheme S and Z ⊆ X is a closed substack. Define F X (Z) ⊆ |X | to be the set of those points x ∈ |X | over maps s : Spec k(x) → S such that {x} ∩ Z s = ∅ in |X s | (where by abuse of notation we also consider x ∈ |X s | and the closure {x} ⊆ |X s |). (i) U is saturated for π; (ii) F X (Z) = Z; (iii) for every point u ∈ |U| over s : Spec k(u) → S, the closure {u} ⊆ |X s | is contained in |U s |; and (iv) every point u ∈ |U| over s : Spec k(u) → S that is closed in U s is also closed in X s .
Proof. First note that π −1 (π(U)) = U if and only if π −1 (π(Z)) = Z; indeed both are equivalent to the statement that for every s : Spec k → S, u ∈ |U s | and z ∈ |Z s |, one has {u} ∩ {z} = ∅ in |X s |. By Lemma 6.5, we have that (i) through (iii) are equivalent. It is clear (iii) implies (iv). Conversely, let u ∈ |U| over s : Spec k(u) → S be such that x 0 ∈ {u} ∩ Z s ⊆ |X s | is a closed point. Then for any closed point u 0 ∈ {u} ⊆ |U s |, we also have that x 0 ∈ {u 0 } by [Alp08, Thm 4.15]. In particular, u 0 ∈ |U s | is closed but u 0 ∈ |X s | is not closed, violating (iv).
Remark 6.7. If X is finite type over S = Spec k with k algebraically closed, then the equivalence of (i) and (iv) simply states that an open substack U ⊆ X is saturated for π if and only if every closed point u ∈ U(k) is also closed in X , i.e., the open immersion U ֒→ X maps closed points to closed points.
By Lemma 6.6, it is reasonable to make the following definition: (i) V ⊆ X is saturated; and (ii) for every u ∈ |U| over s : Spec k(u) → S with {u} ⊆ X s contained in U s , one has u ∈ |V|.
(In particular, any point u ∈ |U| over s :
Proof. Let Z be the reduced closed complement X \ U. Then V = X \ F X (Z) ⊆ X is a saturated open substack contained in U with the desired property.
Since we are interested in determining conditions guaranteeing the existence of a good moduli space, Lemmas 6.2, 6.5 and 6.10 suggest we should establish when the sets F X (Z) are closed for all closed substacks Z ⊆ X . We first give conditions guaranteeing the sets F X (Z) are constructible.
Lemma 6.11. Suppose X be a noetherian algebraic stack such that there exists a locally quasifinite, universally submersive morphism f : W → X from an algebraic stack W admitting a good moduli space. Then for every closed substack Z ⊆ X , the set F X (Z) ⊆ X is constructible.
Remark 6.12. We note thatétale morphisms and finite morphisms are locally quasi-finite and universally submersive.
Proof. By Lemma 6.5,
then there exists a specialization x x 0 with x 0 ∈ |Z s |. Since W s → Z s is quasi-finite and submersive, there is a specialization w w 0 in |W s | over x x 0 . Furthermore, the field extension k(x) → k(w) is finite which implies that w ∈ F W (f −1 (Z)) if and only if
Lemma 6.13. Let X be an algebraic stack of finite type over an algebraically closed field k. Suppose that: Then for every closed substack Z ⊆ X , the set F X (Z) ⊆ X is constructible.
Proof. If X is smooth, the statement follows from [Alp10b, Theorem 3]) and Lemma 6.11. We may apply Sumihiro's theorem ( [Sum74] ) to reduce the normal case to the smooth case. The general case follows since normalization is finite and, in particular, quasi-finite and universally submersive.
Remark 6.14. It appears that in the proof of [BBŚ97, Lemma 2], the constructibility of {x ∈ X | Gx ∩ Y = ∅} is not verified for the action of the reductive group G on the algebraic variety X. It is checked the set is closed under specialization, but one needs constructibility of the set to then conclude it is closed. (i) for every smooth curve C over k and morphism f : C → X , the scheme-theoretic image of f admits a good moduli space; or (ii) for every pair of points x, y ∈ |X |, there exists an open substack U xy ⊆ X that contains x and y and admits a good moduli space.
Then for every closed substack Z ⊆ X , the set F X (Z) ⊆ X is closed.
Proof. By Lemma 6.11, the sets F X (Z) are constructible, so it suffices to check that F X (Z) is closed under specialization. First, suppose condition (i) holds. If F X (Z) is not closed for some closed substack Z ⊆ X , then there exists a smooth pointed curve (C, p) and a morphism f : C → X such that f (C \ p) ⊆ F X (Z) but f (p) / ∈ F X (Z). By assumption, the scheme-theoretic image Y ⊆ X of f admits a good moduli space. But then Lemma 6.5 implies F X (Z) ∩ Y = F Y (Z ∩ Y) is closed, a contradiction. Now suppose condition (ii) holds. If F X (Z) is not closed for some closed substack Z ⊆ X , then there exists a closed point x ∈ F X (Z)\F X (Z) that is a specialization of x ′ ∈ F X (Z). By assumption, there are finitely many points y 1 , . . . , y k ∈ |X | and open substacks U xy i containing x and y i , such that U xy i admits a good moduli space and i U xy i = X . Note that F Uxy i (X ∩ U xy i ) ⊆ |U xy i | is closed and F X (Z) = i F Uxy i (X ∩ U xy i ). But x ′ ∈ F Uxy i (Z ∩ U xy i ) for some i, which contradicts x / ∈ F X (Z). Then X admits a good moduli space.
Proof. For a closed point x ∈ |X |, let U x be an open neighborhood admitting a good moduli space. By Lemma 6.10, there exists an open neighborhood V x ⊆ U x containing x such that V x ⊆ X is saturated. It follows also that V x ⊆ U x is saturated, and so V x also admits a good moduli space. By Lemma 6.2, the good moduli spaces of V x can be glued to construct a good moduli space of X .
The proof of the following theorem now follows directly from Lemma 6.15 and Proposition 6.17. Theorem 1.4. Let G be a connected algebraic group acting on a scheme X, and suppose that for every pair of points x, y ∈ X, there exists a G-invariant open subscheme U xy ⊆ X that contains x and y and admits a good quotient. Then X admits a good quotient.
